Quantum computation and communication rely on the ability to manipulate quantum states robustly and with high fidelity. Thus, some form of error correction is needed to protect fragile quantum superposition states from corruption by socalled decoherence noise. Indeed, the discovery of quantum error correction (QEC) 1,2 turned the field of quantum information from an academic curiosity into a developing technology. Here we present a continuous-variable experimental implementation of a QEC code, based upon entanglement among 9 optical beams 3 . In principle, this 9-wavepacket adaptation of Shor's original 9-qubit scheme 1 allows for full quantum error correction against an arbitrary single-beam (singleparty) error.
Quantum computation and communication rely on the ability to manipulate quantum states robustly and with high fidelity. Thus, some form of error correction is needed to protect fragile quantum superposition states from corruption by socalled decoherence noise. Indeed, the discovery of quantum error correction (QEC) 1,2 turned the field of quantum information from an academic curiosity into a developing technology. Here we present a continuous-variable experimental implementation of a QEC code, based upon entanglement among 9 optical beams 3 . In principle, this 9-wavepacket adaptation of Shor's original 9-qubit scheme 1 allows for full quantum error correction against an arbitrary single-beam (singleparty) error.
QEC protocols eliminate uncontrolled errors that affect fragile quantum superposition states by encoding these quantum states into a larger, multi-partite entangled system. Errors occurring on a limited number of parties will leave the entanglement intact and so the original state may be retrieved by error syndrome recognition followed by recovery operations. Shor proposed a concatenated quantum code to protect against arbitrary single-qubit errors, by encoding an arbitrary single-qubit state |ψ = α|0 + β|1 into nine physical qubits |ψ encode = α|+, +, + + β|−, −, − ,
with |± = (|0, 0, 0 ± |1, 1, 1 )/ √ 2. Though reminiscent of the redundant encoding in classical error correction, the quantum code exhibits some clearly nonclassical features of which the most significant is the presence of multi-party entanglement. The concatenation of three-party entangled states (|± ) into nine-party states enables one to correct both bit-flip and phase-flip errors. The latter type of error occurs only in nonclassical states. Remarkably, suitable error syndrome measurements would collapse an arbitrary error (including coherent superpositions of bit-flip and phase-flip errors) into the discrete set of only bit-flip and/or phase-flip errors. These discrete (Pauli) errors can be easily reversed to recover the original state.
The continuous-variable version of Shor's 9-qubit code 1, 3 is the only code to date which can be deterministically (unconditionally) implemented using only linear optics and sources of entanglement. Indeed, previous implementations of QEC were based on qubit codes, either in liquid-state NMR or linear ion trap hardware configurations. The liquid-state NMR experiments implemented QEC codes with up to five physical qubits 4, 5, 6, 7 and in the ion trap experiment, a three-qubit code was realized 8 . Both configurations rely on nonlinear qubitqubit coupling (in the form of nearest-neighbor couplings for NMR or via the collective vibrational mode for ion traps). Our experiment is the first implementation of a Shor-type code, as the preparation of nineparty entanglement is still beyond the scope of existing non-optical approaches and single-photon-based, optical schemes. Here, continuous-variable QEC 9,10 is realized using squeezed states of light and networks of beam splitters 3 . Even this optical approach requires an optical network three times the size as that used in earlier experiments 11 to achieve the large-scale multi-partite entanglement for a 9-wavepacket code.
In our scheme, as for the simplest QEC codes (whether for qubits or for continuous variables), a single, arbitrary error can be corrected. Such schemes typically assume errors occur stochastically and therefore rely on the low frequency of multiple errors. Stochastic error models may describe, e.g., stochastic, depolarizing channels for qubits, or in the continuous-variable regime 13, 14 , free-space channels with atmospheric fluctuations causing beam jitter, as considered recently for various nondeterministic distillation protocols 16, 17, 18, 19 . For the continuous-variable QEC protocols, as realized in the present work, this type of error may be be suppressed in a deterministic fashion (see appendix F). The overall performance of this family of QEC codes is then only limited by the accuracy with which ancilla state preparation, encoding and decoding circuits, and syndrome extraction and recovery operations can be achieved. In the continuous-variable scheme, all these ingredients can be highly efficiently implemented; the finite squeezing of the auxiliary modes being the only limitation. This ancilla squeezing is linked with the presence of entanglement and it also determines whether the transfer fidelities exceed those of classical error correction (see appendices E and F).
We begin with a description of the scheme in the limit of infinite squeezing, where the position x and momentum p of a harmonic oscillator (corresponding to a single optical mode of the light field) serve as the conjugate pair of observables used for the encoding |ψ encode = dP ψ(P ) |P, P, P ,
with |P = 1 √ π dx e 2ixP |x, x, x , units-free for = 1 2 . Through this 9-wavepacket code an arbitrary single-mode state |ψ = dx ψ(x)|x is encoded into nine optical modes. This perfectly encoded state is obtained by using FIG. 1: 9-wavepacket quantum error correction code 3 for correcting an arbitrary error occurring in any one of the nine channels. The gray dotted lines represent the classical information that is used to compute the necessary syndrome recovery operations.
eight infinitely squeezed ancilla states. Finite squeezing of the ancillae leads to an approximate encoding, and hence lowers the fidelity of the QEC. Fig. 1 shows a schematic of our realization of the 9-wavepacket code. In the encoding stage, an input state is entangled with eight squeezed ancillae, each corresponding to an approximate '0' ("blank") state. After an error is introduced, the states are decoded simply by inverting the encoding. The eight ancilla modes are then measured (with x-quadrature measurements performed in detectors 1 and 4 and p-quadrature measurements in six other detectors), and the results of the measurement are used for error syndrome recognition. More precisely, these are the results of homodyne detection applied to the ancilla modes along their initial squeezing direction.
The encoding stage consists of two steps in order to realize the concatenation of position and momentum codes 3 . First, position-encoding is achieved via a tritter T in,an1,an4 , that is two beam splitters (blue and green in Fig. 1 ) acting upon the input mode and two x-squeezed ancilla modes (an1 and an4 in Fig. 1 ). The second step provides the momentum-encoding via three more tritters, with six additional p-squeezed ancilla modes (an2, an3, an5, an6, an7 and an8 in Fig. 1 ). The overall encoding circuit becomes 20 T an4,an7,an8 T an1,an5,an6 T in,an2,an3 T in,an1,an4 .
As the decoding stage merely inverts the encoding, the eight ancilla modes will remain all '0' in the absence of errors. In the presence of an error in any one of the nine channels, the measurement results of the decoded ancillae will lead to non-zero components, containing sufficient information for identifying and hence correcting the error (see appendices for derivations and Table I for an error-syndrome map). Similar to the qubit QEC scheme, where the conditional state after the syndrome measurements becomes the original input state up to some discrete Pauli errors, our conditional state coincides with the input state up to some simple phase-space displacements. Thus, it remains only to apply the appropriate (inverse) displacement operations in order to correct the errors.
The detailed experimental setup for our 9-wavepacket QEC scheme is shown in Fig. 2 . Eight squeezed vacua are created by four optical parametric oscillators (OPOs), which have two counter-propagating modes; thus, every OPO creates two individual squeezed vacua. The squeezing level of each single-mode squeezed vacuum state corresponds to roughly 1 dB below shot noise. For pumping the OPOs, the 2nd harmonic of a cw Ti:Sapphire laser output is used. The syndrome measurements are performed via homodyne detection with near-unit efficiency.
To apply a single error, a coherent modulation is first generated in a so-called error beam using an electro-optic modulator (EOM) ("modulated mode"). This beam is then superimposed onto the selected mode or channel ("target mode") through a high-reflectivity beam splitter 21 with independently swept phase, resulting in a quasi-random displacement error. The error-correcting displacement operations (as determined by decoding and measurement) are then performed similarly, via an EOM and a high-reflectivity beam splitter, but now with phase locking between the modulated and target modes along either the x or p axis, as appropriate. a vacuum state. A random displacement error in phase space is imposed on channel 1 ( Fig. 3(I) ) and on channel 9 ( Fig. 3(II) ). A two-channel oscilloscope is used to measure the outputs of pairs of detectors (1, 4) , (2, 3) , (5, 6) , and (7, 8) . Comparing the results of Fig. 3 (I) with Table 1 , one can identify an error occurring in channel 1, since only detectors 1 and 2 have non-zero outputs. The outputs from detectors 1 and 2 correspond to the desired x and p displacements, respectively. Similarly, from Fig. 3 (II), we can recognize that an error has occurred in channel 9. Here, detectors 1, 4, 7, and 8 have non-zero outputs and the outputs of detectors 1 and 4, as well as 7 and 8 have equal signs (distinguishing it from the case of an error in channel 8, for which outcomes 7 and 8 have different signs). Fig. 4 shows two examples of QEC results, comparing output states with and without error correction, and with and without squeezing of the ancilla modes. In Fig. 4 (I), an error was introduced in channel 1. The local oscillator (LO) phase of the homodyne detector was tuned to detect the x quadrature of channel 1. Similarly, in Fig. 4 (II), the error was introduced in channel 9 and the LO phase is locked to the p quadrature. For ease of experimental implementation, only the measurement outcomes of detectors 4 and 8 were fed forward to the error correction step. In principle, using the combined outputs of detectors 1 and 4 for x and detectors 7 and 8 for p would yield even higher fidelities.
The quality of the error correction can be assessed via the fidelity F = ψ in |ρ out |ψ in , where |ψ in represents the input state andρ out corresponds to the output state of the error correction circuit 21, 22, 23 . Here the fidelity is calculated as wherex out andp out are quadrature operators of the output field. For example, in the case of an error in channel 1, the output quadrature operators becomê
an1 , andp
an2 are quadrature operators of the input field and the ancilla vacuum modes, and r i are squeezing parameters for ancilla i. In the ideal case of r i → ∞, unit fidelity is obtained, with output states approaching the input states. For zero squeezing, Eq. (5) yields an excess noise of for the x and p quadratures, corresponding to 1.76 dB and 0.67 dB of output powers, respectively (see Table II ).
Eq. (4) can be used to translate the measured noise level values from Table II into fidelity values. Indeed, for every possible error introduced (in any of the channels) the fidelity after error correction exceeds the maximum values achievable for the scheme in the absence of ancilla squeezing. For example, for an error in mode 1, a fidelity of 0.88±0.01 was achieved (exceeding the classical cutoff of 0.86). Similarly, for an error in channel 9, we obtain a fidelity of 0.86±0.01, exceeding a cutoff of 0.82. (The lower cutoff takes into consideration that only two of the four non-zero components are used.) The better-thanclassical fidelities for errors in any one of the nine channels are indirect evidence of entanglement-enhanced error correction (see appendices). By comparison, in complete absence of any error correction, i.e., without reversing displacement errors (including the zero-squeezing case; for an application of such "classical" error correction, see appendix F), fidelity values under 0.007 ± 0.001 were obtained.
In conclusion, we experimentally demonstrated a Shortype quantum error correction scheme based upon entanglement among nine optical beams. The entanglement is used for deterministically generating a concatenated code, allowing for the correction of arbitrary errors in any one of nine communication channels. In the experiment, evidence is obtained for an entanglement-enhanced correction of displacement errors; a further increase of the small enhancement of the current implementation would only require higher squeezing levels of the resource states. Our experiment represents the first demonstration of quantum error correction beyond qubits (and specifically for continuous variables). The scheme may be useful for any application in which stochastic errors occur such as free-space communication with fluctuating losses and beam pointing errors 16, 17, 18, 19 . The ability to implement QEC in an optical network of this size represents a significant step towards the manipulation and application of large-scale multi-partite entanglement for quantum information processing. This work was partly supported by SCF and GIA commissioned by the MEXT of Japan. APPENDIX A: ENCODING Equation (3) describes a nine-port device acting upon the signal input mode, two x-squeezed ancilla modes ("an1" and "an4" in Fig. 1 of main body) , and six psqueezed ancilla modes ("an2", "an3", "an5", "an6", "an7", and "an8" in Fig. 1 ). Labeling the nine input modes by subscripts one through nine, we obtain the output quadrature operators of the encoded state,
an2 e r2 ,
an2 e −r2 ,
an3 e −r3 ,
an1 e r1 + 1 6p
an5 e −r5 ,
an1 e −r1 + 1 6x
an5 e r5 + 1 2x
an5 e −r5 + 1 2p
an6 e −r6 ,
an7 e −r7 ,
an7 e r7 + 1 2x
an7 e −r7 + 1 2p
an8 e −r8 ,
an8 e r8 ,
Note that with respect to these subscripts, eq. (3) can be expressed by T 789 T 456 T 123 T 147 for modes 1 (signal input), 2 ("an2"), 3 ("an3"), 4 ("an1"), 5 ("an5"), 6 ("an6"), 7 ("an4"), 8 ("an7"), and 9 ("an8"). The encoded state exhibits the following quadrature quantum correlations in the case of nonzero squeezing,
an4 e −r4 ,
an6 e −r6 ,p
In the limit r 1−8 → ∞, the quadrature operators become perfectly correlated,
These correlations are analogous expressions to the eight stabilizer conditions of the Shor qubit code (where for continuous variables, Pauli operators are replaced by Weyl-Heisenberg phase-space operators). Note that these correlations hold for any signal input state, i.e., for any resulting "code words", again similar to the stabilizer conditions for qubits. In order to obtain a sufficient set of entanglement witnesses for verifying a fully inseparable nine-party state, additional quadrature correlations must be considered; these extra correlations are expressed in terms of the "logical" quadratures in the code space which depend also on the signal state (see appendix E).
APPENDIX B: DECODING AND CORRECTION
Random phase fluctuations are transferred onto one selected beam of the encoded state, leading to random phase-space displacements of one of the nine optical modes. This effect can be described by adding error quadrature operators to the corresponding mode k, λ kx e k and λ kp e k , where the parameter λ k will be set to one for the single mode of the noisy quantum channel and otherwise chosen to be zero. After the decoding step, T 789 , the outgoing quadrature operators becomê
an2 e −r2 + 2 3 λ 1p
λ kx e k − 
Modes two through nine are measured via suitable homodyne detectors, i.e., the local oscillator phase is adjusted to detect those quadratures which are quiet if there was no error. After the corresponding feedforward operations on the first mode, the signal input state will be recovered in mode 1 up to the finite squeezing from the ancilla modes. For example, in the case of an error transferred onto mode 1,
only for detectors 1 and 2 (see Fig. 2 of main body), measuringx ′ 4 (position of "an1") andp ′ 2 (momentum of "an2"), respectively, results clearly different from zero (coming from the error) are obtained. All the remaining detectors show results around zero. In order to correct the error, mode 1 is displaced according tô
leading tox
using eqs. (B1). Similarly, in the case of an error transferred onto mode 9, λ k = δ k9 , we havê
Now the only nonzero outputs occur at detectors 1 and 4 ( Fig. 2) , measuringx ′ 4 (position of "an1") andx ′ 7 (position of "an4"), respectively, and at detectors 7 and 8, measuringp ′ 8 (momentum of "an7") andp ′ 9 (momentum of "an8"), respectively. Possible correction displacements arex
for x, andp
for p. These corrections result in the output quadratureŝ
an1 e −r1 ,
always nearly recovering the signal input state. Similar calculations yield the quadrature operators for the output state of mode 1 after the error correction protocol in the case of an error on modes two through eight; for an error on mode 2,
for an error on mode 3,
for an error on mode 4,
for an error on mode 5,
for an error on mode 6,
for an error on mode 7,
for an error on mode 8,
The additional subscripts "det1", etc., indicate which detector outcomes are used for the correction displacements. These detectors (see Fig. 2 ) measure the quadraturesx
Because of the freedom in choosing the correction displacements, there is always an optimal feedforward operation. For example, in the case of an error on mode 2,x
we obtain the following excess noise for the output state,
However, for r 2 = r 3 = r, the optimal feedforward operation leads tô
corresponding to
which is the same as for the case of an error on mode 1. For unequal squeezing, r 2 = r 3 , the optimal feedforward depends on the squeezing values. Therefore, in the current experiment, we use only the output of detector 3 for the feedforward. Table B shows which outputs of the homodyne detectors are used for error correction.
APPENDIX C: RESULTS OF ERROR SYNDROME MEASUREMENTS Fig. 5 shows error syndrome measurement results. Here, the input state is a vacuum state. This case is also described in the main body of the paper. A random displacement error in phase space is transferred onto quantum channels one through nine for A-I, respectively. With Table 1 in the main body of the paper and Fig. 5 here, we can decide which quantum channel is subject to an error and derive a corresponding feedforward operation to correct the error. Table 2 in the main body of the paper.
APPENDIX E: THE ROLE OF MULTIPARTITE ENTANGLEMENT
The encoded nine-mode state, as created in the current experiment and described by eqs. (A1), approaches the following state in the limit of infinite squeezing, |ψ encode = 1 π 3/2 dp dp 1 dp 2 dp 3ψ (p) e −2ip(p1+p2+p3)
Clearly, even for infinite squeezing and perfect encoding, the inseparability properties of the total nine-party state depend on the signal input wave functionψ(p).
In particular, forψ(p) ≡ δ(p), we obtain |ψ encode = dp |p, p, p ⊗ dp |p, p, p ⊗ dp |p, p, p , which is clearly not fully nine-party entangled, but rather a product state of three fully tripartite entangled GHZ-type three-mode states. So in order to obtain full nine-party entangle- ment, the input state should not correspond to an infinitely x-squeezed state (corresponding, after Fourier transform, toψ(p) ≡ δ(p)). Similarly, an infinitely psqueezed input state leads to vanishing GHZ-type correlations within each of the three triplets, but it has excellent GHZ-type correlations between the three triplets. For an input state between these two extremes, for instance, a vacuum input state as used in the experiment, we obtain quadrature correlations of both types, potentially leading to full nine-party entanglement.
In order to witness full nine-party entanglement, in addition to the correlations of eqs. (A3), p-correlations between the triplets and x-correlations within each triplett are required. Equations (A3) only describe x-correlations between the triplets and p-correlations within each triplet. The missing correlations are of the type of p 1 +p 4 +p 7 → 0 andx 1 +x 2 +x 3 → 0. These linear combinations correspond to the "logical" quadratures in the code space,
an5 e −r5 + 2 3p
obviously depending on the signal input state. Only for infinite ancilla squeezing, the encoding is perfect, X =x in andP =p in . The excess noise in each quadrature is 2 × e −2r /4 for equal squeezing of the ancilla 
modes. In this case, an infinitely x-squeezed input state would lead to excellent intra-triplet x-correlations; an infinitely p-squeezed input state, favorable for good intertriplet p-correlations, leads to vanishing intra-triplet xcorrelations. With a vacuum input state, as used in the experiment, we have both types of quantum correlations for nonzero squeezing of the ancilla modes. Similar quantum correlations also exist for the combinationŝ
an2 e −r2 + 1 2p
an5 e −r5 − 1 2p
an7 e −r7 − 1 2p
The total set of quadrature quantum correlations can be sufficient for a fully inseparable nine-party entangled state. The corresponding nine-party entanglement witnesses lead to the known criteria for multi-party inseparability of continuous-variable states 24 . In order to verify three-party inseparability within each triplettρ 123 ,ρ 456 , andρ 789 , we have, forρ 123 ,
The "gains" g 1a , etc., can be used to optimize these conditions. In order to rule out a state of the form
c , we need further criteria, for example,
2 < 1 which describe the inter-triplet correlations. Equation (E7) rules out the forms i η iρ
ac ; eq. (E8) rules out the forms i η iρ
ac . Thus, any form of separability between the triplets a, b, and c can be ruled out. The inter-triplet conditions can be understood as GHZ-type correlations of modes 1, 4, and 7 after LOCC operations; namely, x-measurements of modes 2, 3, 5, 6, 8, 9 and the corresponding displacements of modes 1, 4, and 7.
In the experiment, it was verified that in any of the nine cases of an error in any one of the nine channels, the classical cutoff (zero-squeezing limit) was exceeded. This confirms that all 8 ancilla modes are in a squeezed state (see Table 1 and Fig.2) , as the quadrature noise of every ancilla mode contributes to the excess noise of the corrected signal for some of the detector results used for feedforward. This squeezing translates into nonclassical correlations for all combinations in eqs. (A2), (E2), and (E3) (with a vacuum input state). The set of quadrature combinations corresponds to the "unit-gain" version of the entanglement witnesses in eqs. (E4), (E5), (E6), (E7), and (E8). In order to satisfy the witness inequalities, in particular, for small squeezing values (as those of roughly 1 dB in the experiment), non-unit gain must be chosen. Although these non-unit gain combinations have not been measured directly in the quantum error correction experiment, the nonclassicality in all the unit-gain combinations may be interpreted as an indirect confirmation of the presence of nine-party entanglement.
APPENDIX F: APPLICABILITY OF CONTINUOUS-VARIABLE CODES
The continuous-variable nine-mode code corrects an arbitrary error occurring in any one of the nine channels. Similar to the qubit case, for realistic scenarios, we should consider imperfect transmissions in every channel under the reasonable assumption of errors acting independently in all the channels. The performance of the code can then be evaluated by comparing the transfer fidelities for the encoded scheme with a direct transmission of the signal state through a single noisy channel 12 . Using the example of a 3-wavepacket code, we shall demonstrate that for certain stochastic error models, the continuous-variable code leads to a dramatic improvement of fidelity even when the errors occur in every channel 13 . In this case, the errors should correspond to x-displacements or any errors decomposable into x-displacements (including non-Gaussian "xerrors"). A code for correcting arbitrary errors including non-commuting x and p-errors is obtainable, for instance, by concatenating the 3-mode code into a 9-mode code, as implemented in the current experiment. The appropriate error models are reminiscent of the most typical qubit channels such as bit-flip and phase-flip channels. In the continuous-variable regime, these types of stochastic errors would map a Gaussian signal state into a non-Gaussian state represented by a discrete, incoherent mixture of the input state with a Gaussian (or even a non-Gaussian) state,
Here, the input state described by the Wigner function W in is transformed into a new state W error with probability γ; it remains unchanged with probability 1 − γ. A special case of the above channel model is an erasure channel 19 . The generalized erasure model here may find applications in free-space communication with fluctuating losses and beam point jitter effects 16, 17, 18 . As an example, we will consider a coherent-state input, |ᾱ 1 = |x 1 + ip 1 , described by the Wigner function,
Moreover, we assume that the effect of the error is just an x-displacement byx 2 such that
The sign of the displacement error is fixed and known, e.g., without loss of generality,x 2 > 0. Note that more general errors, including non-Gaussian x-errors, could be considered as well. Now in order to encode the input state, we use two ancilla modes, each in a single-mode x-squeezed vacuum state, represented by
with squeezing parameter r and k = 2, 3. The total threemode state before encoding is
with α j = x j + ip j , j = 1, 2, 3. The encoding may be achieved by applying a "tritter", i.e., a sequence of two beam splitters with transmittances 1 : 2 and 1 : 1. The total, encoded state will be an entangled three-mode Gaussian state with Wigner function,
Now we send the three modes through individual channels where each channel acts independently upon every mode as described by Eq. (F1) with W error corresponding to an x-displacement byx 2 . As a result, the three noisy channels will turn the encoded state into the following three-mode state,
Note that we assumed the same x-displacements in every channel. The decoding procedure now simply means inverting
By looking at this state, we can easily see that xhomodyne detections of the ancilla modes 2 and 3 (the syndrome measurements) will almost unambiguously identify in which channel a displacement error occurred and how many modes were subject to a displacement error. The only ambiguity comes from the case of an error occurring in every channel at the same time (with probability γ 3 ), which is indistinguishable from the case where no error at all happens. In both cases, the two ancilla modes are transformed via decoding back into the two initial single-mode squeezed vacuum states. All the other cases, however, can be identified, provided the initial squeezing r is sufficiently large such that the displacements ∝x 2 , originating from the errors, can be resolved in the ancilla states.
The recovery operation, i.e., the final phase-space displacement of mode 1 depends on the syndrome measurement results for modes 2 and 3 which are consistent with either undisplaced squeezed vacuum states ('0') or squeezed vacua displaced in either '+' or '−' x-direction.
The syndrome results for modes 2 and 3 corresponding to the eight possibilities for the errors occurring in the three channels are (0,0) for no error at all, (+,0) for an error in channel 1, (−,+) for an error in channel 2, (−,−) for an error in channel 3, (+,+) for errors in channels 1 and 2, (+,−) for errors in channels 1 and 3, (−,0) for errors in channels 2 and 3, and, again, (0,0) for errors occurring in all three channels.
In the limit of infinite squeezing of the ancilla modes, the ensemble output state of mode 1 (upon averaging over all syndrome measurement results x 2 and x 3 including suitable feedforward operations) can be described as
This output state emerges, because in almost all cases, the feedforward operations turn mode 1 back into the initial state (in the case of finite squeezing, only up to some Gaussian-distributed excess noise depending on the degree of squeezing used for the encoding). The only case for which no correction occurs is when errors appear in every channel at the same time, at a probability of γ 3 . In this case, the initial state remains uncorrected, with an x-displacement error of √ 3x 2 . We see that a fidelity of 1 − γ 3 can be achieved, assumingx 2 ≫ 1 (for smallerx 2 , the fidelity would even exceed 1 − γ 3 , but those smallerx 2 may be too hard to detect at the syndrome extraction, depending on the degree of squeezing, see below). Note that this result implies that the encoded scheme performs better than the unencoded scheme (direct transmission with F direct = 1 − γ) for any 0 < γ < 1. In other words, by employing the quantum error correction protocol, the error probability can be reduced from γ to γ 3 . The continuous-variable scheme in this model is more efficient than the analogous qubit repetition code and it does not require error probabilities γ < 1/2 as for the case of qubit bit-flip errors 12 . We may now consider two different regimes for the error displacementsx 2 . First, the regime e −2r /4 < x 2 < 1/4, corresponding to small displacements below the shot noise limit; these can only be resolved provided the squeezing is large enough. In the limit of infinite squeezing r → ∞, arbitrarily small shifts can be detected and perfectly corrected (with zero excess noise in the output states corresponding to unit fidelity).
Secondly, the regimex 2 ≫ 1. For these large shifts, even zero squeezing in the ancilla modes (i.e., vacuum ancilla states) is sufficient for error identification. Even with r = 0, the syndrome measurements still provide enough information on the location of the error and, to some extent, on the size of the error. We may refer to this kind of scheme as classical error correction (CEC), corresponding to the "classical cutoff" used as a classical boundary in the main body of the paper. This classical cutoff depends on the particular encoding and decoding circuit used; in the experiment, it is the same circuit as that employed for quantum error correction (neither of these are necessarily optimal).
CEC for large shiftsx 2 ≫ 1 (the regime of the experiment) works fairly well. In fact, the fidelity values without CEC drop to near-zero fidelities, as measured in the experiment, F < 0.007 ± 0.001. Experimentally, this CEC is a highly nontrivial task and it is needed to achieve reasonable transfer fidelities. Nonetheless, the CEC scheme results in excess noise for the output state coming from the feedforward operations based on the fluctuating syndrome measurement results. By employing squeezed-state ancilla modes, this excess noise can be reduced (down to zero for infinite squeezing). In this case, the scheme operates in the quantum regime. Significantly, in the experiment, non-commuting errors have been corrected, which means that CEC will always result in some excess noise. Although the margin of the demonstrated quantum error correction (on top of the CEC) is rather small, the experimental data provide clear evidence that CEC has been outperformed by the quantum scheme.
